We use the new N = (2, 2) vector multiplets to clarify T-dualities for generalized Kähler geometries. Following the usual procedure, we gauge isometries of nonlinear σ-models and introduce Lagrange multipliers that constrain the field-strengths of the gauge fields to vanish. Integrating out the Lagrange multipliers leads to the original action, whereas integrating out the vector multiplets gives the dual action. The description is given both in N = (2, 2) and N = (1, 1) superspace.
Introduction
The basic inspiration for our work is the interesting duality found in [1, 2] for two dimensional nonlinear σ-models with N = (2, 2) supersymmetry and target space geometries that are not Kähler. As was shown in [3, 4] , T-dualities arise when one gauges an isometry, and then constrains the field-strength of the corresponding gauge field to vanish. In this paper, we use the new vector multiplets introduced in [5, 6] to describe T-duality for generalized Kähler geometries (for a sampling of articles in the field, see [7] ). We first work in N = (2, 2) superspace, and then reduce to N = (1, 1) superspace and find the usual T-duality of Buscher [8] .
The plan of the paper is as follows: In the next section we briefly review T-duality in the pure Kähler case [8] . We then review the classes of isometries that generalized Kähler geometries admit. Next, we consider T-dualities along isometries in the kernel of the commutator of the left and right complex structures that mix chiral and twisted chiral multiplets [9] . Finally we describe T-dualities along isometries in the cokernel of the commutator, which act only on the semichiral multiplets [10] . We use the bihermitian description of generalized Kähler geometry throughout the paper, and leave the description of T-duality in terms of generalized complex structures to the future.
We end with a brief conclusion.
Kähler geometry and T-duality
In this section, we briefly review isometries, gauging, and T-duality in N = (2, 2) and N = (1, 1) superspace for a system with chiral superfields φ a and an N = (2, 2) superspace Lagrange density given by a Kähler potential K(φ a ,φ a ) [11, 4, 8] . For simplicity, we consider an isometry generated by a holomorphic Killing vector k that leaves the Kähler potential invariant
where
The isometry is gauged using a multiplet V φ to promote the constant (real) transformation parameter λ to a complex chiral superfields Λ:
1 The general case when K is invariant only up to a Kähler transformation is discussed in detail in [11] , and in the generalized Kähler case in [12] .
From (2.1), it follows that
Using the usual gauge transformation δV φ = i(Λ − Λ), we find the gauged action [11] :
To find the T-dual model [4] , we constrain the twisted chiral field-strengthD + D − V φ to vanish. We impose this with a Legandre transformation of the density with a twisted chiral Lagrange multiplier χ: 5) In N = (2, 2) superspace, we find the T-dual Lagrange densities by integrating out either χ +χ, which gives the original Kähler potential, or V φ , which gives the T-dual potential K(χ +χ, x A ) where x A are "spectator" fields, i.e., combinations of the ϕ i that are inert under the action of the isometry (2.1). The geometric nature of the duality is made manifest when we descend to N = (1, 1) superspace. In Wess-Zumino gauge, the N = (1, 1) components of the multiplet V φ and the covariant derivatives are
the constrained Lagrange density (2.5) becomes:
is the N = (1, 1) field-strength for the gauge fields, g ij is the Kähler metric, and 8) where g ij is the original Kähler metric (in ϕ i coordinates). Thus N = (2, 2) T-duality is the same as N = (1, 1) T-duality up to an accompanying diffeomorphism; this was originally proven by Buscher [8] , but not explicitly spelled out.
T-duality for the generalized Kähler geometry
In a recent paper [5] we discussed gauge multiplets suitable for gauging isometries of generalized Kähler geometries. We found three distinct vector multiplets, corresponding to three distinct types of isometries: those along the kernel of either J + −J − or (equivalently) J + + J − , those acting on both kernels, and those along the cokernel of the commutator [J + , J − ]. The isometries can be expressed, following [1] , in adapted coordinates:
If we assume that the generalized Kähler potential is invariant, the corresponding gauged actions are:
where x represents all possible spectator fields. The case (3.4) is essentially identical to the Kähler case above; aside from subtleties pertaining to the interpretation of the moment map, which will be discussed in [12] , there are no new features. We now consider (3.5,3.6) in detail, and show that they again reduce to standard Buscher duality in N = (1, 1) superspace, along with some natural diffeomorphisms inherited from N = (2, 2) superspace. A more general discussion of isometries and moment maps will be given in [12] .
T-duality for an isometry k φχ
For an invariant generalized Kähler potential K in adapted coordinates, the gauged action is (3.5) . In the special circumstance when all the spectators are (twisted) chiral, we can give a nice geometric interpretation of the gauging analogous to the Kähler case above. In this case both complex structures are simultaneously diagonalizable; and the manifold has the Bihermitian Local Product (BiLP) geometry defined in [13] . Using the invariance of K under k φχ , and using the complex structures J ± and their product Π =
To gauge the isometry, we require
The three superfields of the large vector multiplet [5] have the right gauge transformations to gauge this symmetry:
To find the T-dual, we introduce Lagrange multipliers that constrain the field strengths of the large vector multiplet to vanish. As discussed in [5] , it is useful to introduce complex potentials for the field-strengths:
Since (Λ)Λ are respectively (twisted)chiral, these give the following gauge invariant complex spinor, semichiral, field-strengths:
Using the chirality properties of the field-strengths we obtain the constrained N = (2, 2) generalized Kähler potential, as in (2.5), using semichiral Lagrange multipliersX: (3.12) This applies to the general case, not just BiLP geometries, though in general, we do not have a nice geometric form of K (g) (this will be discussed in [12] ).
Reduction to N = (1, 1) superspace
Using the results of [5] (as summarized and clarified in Appendix A), we obtain the N = (1, 1) reduction of this action in the Wess-Zumino gauge; the part from K (g) is
3 Our conventions here, which are compatible with the inherent geometric objects J ± , k, are slightly different than those introduced in [5] ; see Appendix B for the relation between the conventions.
where we introduce the matrices:
where the normalizations of the auxiliary fields Ξ ± ,q as well as the field-strength f are given in Appendix A. The constraint reduces to
whereX =X|,ψ + = Q +XL | andψ − = Q −XR | are the N = (1, 1) components of the Lagrange multipliersX.
T-duality for the large vector multiplet in N = (1, 1) superspace
Integrating out the auxiliariesψ ± simply constrains Ξ A ± to vanish, and we obtain the gauged Lagrange density:
Imposing the equations of motion forq α , which again just give diffeomorphisms, we obtain a gauged nonlinear σ-model with constrained field strength which proves that the dual geometries are indeed related by a Buscher duality.
T-duality along semichiral isometries k LR
In the presence of semichiral superfields we can no longer decompose the action of the gauged isometry as in the BiLP case (3.7) and separate the rigid piece which acts on the Kähler potential with L k . An extensive treatment of non BiLP geometries is left for [12] . Making the notation of [5] compatible with the previous section we redefine the complex potentials 4 and reduce in the Wess-Zumino gauge:
(3.20)
The N = (1, 1) gauge field-strength 3.21) (the N = (2, 2) field-strengths F,F are given in Appendix B). Following [5] we write the constrained Lagrange density 
where E ij = (g ij + B ij ) is the metric and B-field of the generalized Kähler geometry as given in, e.g., [14] . As in the previous section, we impose the equations of motion ford α to obtain the gauged nonlinear σ-model with the constraint on the field-strength f that we recognize as the hallmark of T-duality. Again, thed α equations of motion just give diffeomorphisms.
Conclusions
We have used the gauge multiplets constructed in [5, 6] to investigate the duality between semichiral and (twisted) chiral superfields discovered in [1] , and found that the dual ge-ometries are related by Buscher duality. We demonstrated this in N = (2, 2) superspace where we gave the generalized Kähler potentials with gauged isometries. When we descended to N = (1, 1) superspace, the nature of the T-duality was clarified: we found a gauged nonlinear σ-model with a Lagrange multiplier constraining the field-strength of the gauge field as well as diffeomorphisms relating the generalized moment maps in the original geometry to natural coordinates in the dual geometry. This work is part of an ongoing exploration of generalized complex geometry, using nonlinear σ models, and is therefore complimentary to the mathematical aspects of Tduality considered in [15] . The full construction of the moment maps and a geometric discussion of these results is left for future work [12] .
Note:
After completing our work, we became aware of related results obtained by W. Merrell and D. Vaman. A Reduction to N = (1, 1) superspace for gauged BiLP geometries In this appendix we review some of the results of [5] as they emerge from inherent geometric objects for BiLP geometries. The N = (1, 1) invariants system of [5] is slightly modified so that the reduction of the gauged Lagrange density (3.12) to N = (1, 1) is simpler in this context; namely, carrying out the reduction for the matter couplings piece will give convenient redefinitions for N = (1, 1) gauge invariants. Acting with Q ± on the gauged action we can identify the connections A ± that enter with J ± k respectively:
We find it useful to modify the N = (1, 1) notation of [5] , introducing: .2) and the field-strength for the connections
which allows us to write the reduction for Q + Q − K (g) in terms of the geometric objects:
B Conventions and notation
The conversion between the notation of [5] and the current notation can be derived from changing some signs:
These changes correct some unnatural conventions for the definitions of isometries. We summarize the essential consequences here for both the large vector multiplet and the semichiral vector multiplet in the tables below.
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